Chuwong 1: Ma tran & dinh thuc

Phan 1. PAI SO TUYEN TiNH

Gv: Phan Ngé Tuén Anh
Khoa Todn — Théng Ké, UEH

Chuong 1. Ma tran & dinh thirc

I. Ma tran
1.1 Dinh nghia

Mot ma trdn (matrix) A cdp mxn la mot bang s6 gdm c6 m dong, n cot. Cac phan tir ciia A 1a
nhitng s6 thuc tuy y.

all a‘12 aln
A — aZl a.22 a2n
a'ml a'm2 a'mn

Trong ma tran A ¢ trén thi a; € R la phﬁn tr thude dong 1, cOt j cia A. Ta ky hi€u ma tran A la

A= (aij)

mxn

-3 4 2

Vi du: A=( | 7] (ma tran cap 2x3)

Ma tran cap nxndugc goi la ma tran vuong cap n.

Vi du:

2 -3 .
A= (5 1] (ma tran vudng cap 2)

2 30
A=| 1 1 4| (ma trn vudng cip 3)
-1 6 5

Doi v6i ma trén A =(ay),,,, vudng cap n thi cdc phan tr a,,,a,,,...,a,, (co chi s6 dong bang chi s6

nxn

cot) tao thanh dwwong chéo chinh cua A:
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Chuong 1: Ma tran & dinh thiec

a, X X
X a X

22
A=| . .
X X a

1
Vidu: Véimatran A=| 6 thi duong chéo chinh gdm céac phan tir 1a 1,2,3
8

O D B
W 3 W

Ma tran ma moi phan tr ciia né déu bang 0 dugc goi 1a ma tran khong (ma tran zero), ky hicu la
O, (hodc ky hi¢u l1a O, néu cap ciia ma tran dugc hiéu ngam).

] 00 0 00
Vldlal: O2><3: 0 O O ;O2><2: O O

Ma tran don vi cdp n, ky hiéu la I, (Identity matrix), 1a ma trdn vuodng cép n co dang:

010 - 0
L,=[0 0 1 0
000 - 1

(céc phan tir thudc dudng chéo chinh déu bang 1, cac phén tir con lai déu bang 0)

Vi du:

0 1

1 0 .
I, = [ j (ma tran don vi cap 2)
0
0 | (ma tran don vi cap 3)
1

1
I, =|0
0

(= =

Cho A =(ay),,, la ma trdn vudng cép n. Ta noi:

- Ma trén A c6 dang tam gidc trén (upper triangle matrix) néu moi phan tir nim phia dudi duong
chéo chinh ctia A déu bang 0:
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Chuwong 1: Ma tran & dinh thuec

4 dp a3 o Ay
0 Ay 8yttt Ay,
. | (ma tran tam gidc trén)

A=10 0 ay - a,

0 0 0 0 a

Vidu: A=

S O =
S BN

1
3 | (ma tran tam giéc trén)
5

- Ma trén A c6 dang tam gidc dwéi (lower triangle matrix) néu moi phan tir nam phia trén duong
chéo chinh ctia A déu bang 0:

a, O
a21 a22

A=|a, a, a, -- 0 |(matrintam gidc dudi)
anl an2 an3 arm

Vidu: A= (ma tran tam giac dudi)

N O R
wh W O
AN O O

Nhin xét: Ma tran don vi I 1a ma tran tam giac trén va cling 1a ma tran tam gic dudi.

Ta quy Vudc hai ma tran A va B 1a bang nhau néu ching c6 cung cap (kich thuéc) va c6 s6 liéu hoan
toan giong nhau, ky hi¢ula A=B

1.2 Cac phép toan ma tran

a) Phép cOng ma tran (addition)

Cho A va B 12 hai ma trén c6 ciing cap mxn, khi ¢6 ma tran tong A +B c6 dugc bang cach cong
cac phan tu tuong ung cua A va B.

1 21 315 4 3 6
Vidu: A= ; B= —>A+B=
(3 5 4} (1 2 J (4 7 SJ

b) Phép nhan vo huwéng (scalar multiplication)

Cho A la ma tran cap mxn va o la mot s6 thuc, khi dé6 ma tran tich aA c6 dugc bang cach nhan s6
oL vao tat ca cac phan tir cua A.
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Chuwong 1: Ma tran & dinh thuec

—_
S

;0=——>0A=—A=
6 5 4 2

1
120} 1 1 9
2 3

Vidu:A:(

N | D

Ménh de. Cho A,B,C la cac ma tran cap mxnva o, 1a cac so thuc. Ta co:

e (A+B)+C=A+(B+C) (tinh két hop cua phép cong)
e A+B=B+A (tinh giao hoan cua phép cong)

e A+O,_ . =A

e A+(-DA=0,,
e 0A=0_, valA=A
o o(A+B)=0A+aB

o (a+P)A=aA+BA

o a(PA)=(aP)A=Pp(aA)

¢) Phép chuyén vi (Transpose)

(ma tran (—1)A dugc goi la ma tran ddi cua A, ky hiéula —A)

Cho A 1a ma tran cAp mxn, khi d6 ma tran chuyén vi A" c6 duoc tir A bing cach xoay cac dong
ctia A thanh céc cot twong tng cuia A" . Ma tran A" ¢6 cdp 1a nxm

4
i 1 23 T
Vidu: A= A =2 5
4 5 6
6
1 2 3 1 4 7
Vidu: A=|{4 5 6|>A"=[2 5 8
7 8 9 3 609

Do phép chuyén vi 1a xoay dong thanh cot nén ta cé:

Ménh dé. Cho A,B 1a cac ma tran cip mxnva o 1a sb thuc. Ta co:
e (A7) =A
e (A+B)'=A"+B'
e (aA) =aA”

Vidu: (2A-3B)' =2A" -3B"

d) Phép nhian ma tran (matrix product)

Cho cacmatran A =(a

va B=(by),., (sb cot cia A phai bang voi s6 dong cua B).

ij )mxp ij

Khi d6, ma tran tich AB c6 cdp la mxn
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Chuwong 1: Ma tran & dinh thuec

Pé tinh cac phan tir cia ma trin AB, chang han mudn tinh phan tir (AB); thi ta:

e quan sat dong thtr i ciia A va cot thit j ctia B (1a nhiing véc to gdm p toa do):

-dongicuaAlala, a, - a

b,
-cotjcuaBlal
b

pi

e nhan ting cap toa do tuong ung cua hai véc to nay voi nhau, roi cong lai:

(AB); =a;b,; +a12b2j +---a,b

ip ' pj

Néi cach khac, phan tir (AB); la tich vo huong ctia véc to dong i cua A vi véc to cot j cia B

I1x7+2x8+3x9 50
4x7+5x8+6%x9 - 122 -

3x1

1 2 3
Vidu: Cho A = ;B=
4 5 6),,

O 0

Chu y rang, trong vi du ndy thi ma tran BA khong ton tai vi s6 cot cia B khac s dong cua A.

1 2 3 2 -1 ¢, Cp,
Vidu:Cho A={4 5 6| vaB=|3 -2| ,tadat AB=|c, c, | thi
78 9)., 4 -3) . G Sy

C,, =1x24+2x3+3x4=20
C, =1x(=1)+2x(-2)+3x(-3)=-14
Cy =4x2+5x3+6x4=47
Cpy = 4x(=1)+5%(~2) +6x(-3) =32
Cy;y =7x2+8x3+9x4=74

Cyy = Tx(=1)+8x(=2) +9x(=3) =50

Viy,
20 -14
AB=|47 -32
74 —50

3x2

Trong vi du nay thi ma trdn BA ciing khong t6n tai vi s cot ctia B khac s6 dong ciia A.
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Chuong 1: Ma tran & dinh thiec

1 2 5 6
Vi du: Cho Az( ] va B:( ) thi
3 4 2x2 7 8 2x2
1 2)(5 6 19 22
AB = . =
G
5 6)(1 2 23 34
BA = . =
[7 8] (3 4} (31 46]

(tich cua hai ma tran vudng cp 2 1a mot ma tran vudng cap 2)

Ta thiy AB#BA

1 2
Vidu: Cho A= thi
3 4 2x2

AAT—1213—511
13 4/)l2 4) {11 25
. 1 3)(1 2) (10 14
ATA = : -
2 4)1(3 4) (14 20

Ta lai thly AA" = ATA
Nhén xét: Phép nhan ma tran, néi chung, khong c6 tinh giao hoan. Do d6, khi nhan cac ma tran thi
ta khong dugc phép dao thur ty ciia cac ma tréan.

1 -1 11 00
Vidu: Cho A =( : J va B =(1 J thi AB:[O O] =0,,, (ma tran khong)

Nhung ca A va B déu khac ma tran khong.

Nhin xét: Néu A va B 1a cac ma tran thi tir dang thire AB = O (ma tran khong) ta khong thé suy ra
A =0 hay B=0 (trong hé thong s6 thuc thi xy=0—>x=0hayy=0)

Vi du: Tim cac ma tran A,B,C vudng cip 2, khac khong théa AB = AC nhung B = C

. 1 -1 11 2 2
HD: Lay A = ; B= va C=
-1 1 11 2 2

Phép nhan ma tran, tuy mat di tinh giao hoan, nhung van con gitlr lai dugc mot s6 tinh chat quen
thudc, cu thé la:

Ménh dé.
e Néu A la ma tran cdp mxp, B 1a ma tran cap pxq, C 1a ma tran cap qxn thi

(AB)C = A(BC) (tinh két hop ctia phép nhén)
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Chuwong 1: Ma tran & dinh thuec

e NéuA lamatrin cdp mxn thi AO, =0, vaO, A=0_
e NéuAlamatrancip mxn thi AI =Aval A=A
Dic biét, néu A 1a ma tran vuong cipn thi Al =A=1_A
Tinh chét nay néi rang, trong phép nhan ma tran thi ma tran I, dong vai tro gidng nhu s6 1

trong phép nhan s thuc (nghia 1a a.1=a =1.a). Do d¢, tir nay trd di, ta s& goi ma tran I, 1a

phan tir don vi trong phép nhan ma tran.
e Néu A lalamatran cdp mxp, B va C la cac ma tran cap pxn thi
A(B+C)=AB+AC (tinh phan phdi ctia phép nhan ddi véi phép cong)
e Néu A vaB 1a cic ma tran cdp mxp, C 1a ma trdn cip pxn thi
(A +B)C=AC+BC (tinh phan phdi ctua phép nhan ddi voi phép cong)
e Néu A 1a ma tran cAp mxp, B 1a ma trdn cdp pxn va o 1a s6 thyc thi
A(aB)=0a(AB)=(aA)B
e Néu A 1a ma trin cAp mxp va B 1a ma trdn cdp pxn thi
(AB)' =B"AT
(ta c6 thé mo rong: (ABC)" =C"BTAT)
Nhén xét: Do tinh két hop cta phép nhan ma tran nén véi A,B,C,D 1a cac ma tran thi ta co thé
viét:
ABCD = (ABC)D
= (AB)(CD)

= A(BC)D
= A(BCD)

nhung phai cha ¥ giit nguyén thir tir ciia cac ma tran trong mdi cach két hop vi phép nhan ma tran
khong co6 tinh giao hoan.

e) Liiy thira ma tran (powers of matrix)
Cho A 13 ma tran vudng cép n va k 1a s6 nguyén duwong. Ta dinh nghia:
Al = A
A* = AA
Af = AA.A=A"A
%f_/

k

Ta quy uéc A’ =1_
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Chuong 1: Ma tran & dinh thiec

1

Vidu: Cho A = , tim biéu thirc cia A" (v6i n 1a s6 nguyén duong).

oS O O
S O e

a
0

Véin=1thi A'=A

Véi n=2 thi
A* = AA
0 a 1)(0 a 1
=10 0 a||0 O a
0 0 0J{O 0 O
0 0 a’
=10 0 O
0 0 O
Vo6i n=3 thi
AP = A’A
0 0 a°)(0 a 1
=10 0 0|0 O a
0 0 0Jl0 O O
0 00
=10 0 O
0 00
o

Suyra A" =0, , (ma tran khong) khi n>3.
Ghi chii. Trong hé théng s6 thuc R thi ta c6 nhimg hing dang thirc quen thudc, ching han:
(atb)’ =a’+2ab+b*; (a+b)a-b)=a’-b’*; (a+b)’ =a’ +3a’b+3ab’ +b’

Céc ding thirc nay 1a dung vi phép nhén sb thyc co tinh giao hoan, nghia 1a ab = ba . Tuy nhién,
phép nhan ma tran lai khong c6 tinh giao hoan, nghia 1a n6i chung thi AB # BA . Do do, n6i chung
thi cac hang dang thuc trén khong con dung d6i v6i ma tran. Néu hai ma tran vudng A va B thoa
AB =BA thi cac héng déng thirc trén ap dung dugc cho ma tran, cu thé 1a:

(A+B)’ =A’+2AB+B’ <> AB=BA

(A+B)A-B)=A’-B’ < AB=BA

That vay, ta co
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Chuong 1: Ma tran & dinh thiec

(A+B)* = (A+B)(A+B)

= A(A+B)+B(A+B)
= A+ AB+BA +B?
Do 3o,
(A +B)’ = A’ +2AB+B?
< A’+AB+BA+B?* = A’+2AB+B?
<~ BA = AB

Vi du: Cho A va B 14 cac ma trdn vudng cdp n théa AB = BA . Ching minh ring A*B =BA* Vk
roi suy ra A*B' = B'A* VKk,1
Ta dung quy nap dé chimg minh A*B=BA* Vk (¥)
Vi k=1 thi (*) 12 hién nhién. Gia st (*) ding v6i s6 nguyén k, nghia 1a: A*B =BA* (xx)
Khi do,
A"'B=(AA*)B=A(A"B) L *)A(BA") =(AB)A* =(BA)A* =BA*"
Vay, (*) cling ding véi k+1
Theo nguyén ly quy nap thi (*) ding véi moi k.
Déi vai tro gitra A va B thita c6 AB' =B'A VI, nghia I A giao hoan v6i B'. Ap dung lai (*) v6i B
duoc thay béi B' thi ta duoc A*B' =B'A* Vk, 1
Vi du: Cho A va B 1a cic ma trdn vudng cdp n thoa AB =BA . Chimg minh ring
(AB)* = A*B* vk
Ta dung quy nap dé chirng minh (AB)* = A*B* Vk (*)
Véi k=1 thi (*) 1a hién nhién. Gia sir (*) ding véi s6 nguyén k, nghia la: (AB)* = A*B* Vk (#%)
Khi do,
(AB)“' = (AB)(AB)" = (AB)(A'B")

Do AB=BA nén theo vi du trén (1dy 1=k) thi A*B* =B*A*. Do do,

(AB)""' = (AB)(AB)* d0=(*)(AB)(AkBk) = (AB)(B*A*) = A(BB*)A* = AB*"'A*

Ciing do AB = BA nén theo vi du trén thi B¥'A* = A*B*"
Vay,
(AB)k+1 :ABk-HAk :AAkBk+| — Ak+1Bk+l
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Chuong 1: Ma tran & dinh thiec

Theo nguyén ly quy nap thi (*) ding v&i moi k.
Ghi chii: Néu AB = BA thi déng thirc (AB)* = A*B* 14 sai
Vi du: Cho A va B 14 cac ma trdn vudng cdp n. Ching minh rang (AB)" = A"B" <> AB=BA
Giasu (AB)' =A'B", léy chuyén vi 2 vé ta dugc:
((AB)') =(A"B") — AB=(B")".(A")" =BA
Nguoc lai, néu AB=BA thi liy chuyén vi 2 vé s& dugc (AB)" =(BA)" = A'B"

Vi du: Cho A va B 14 cac ma tran vudng cdp n théa BA =0, (ma tran khong). Chimg minh ring

(AB)’ =0, va B’A’=0,

nxn

nxn xn

Ta co: (AB) = (AB)(AB) = A(BA)B=0

(o)

va B’A” = (BB)(AA)=B(BA)A=0,,,

(o)

nxn

nxn nxn

Chi y: Ta khong thé viét B*’A? = (BA)? vi khong c6 gia thiét AB=BA
BAI TAP

1.Cho A=(1 2 3)  vaB=

1x3

AN U A
O o0

3x2
Tinh AB, ma trin BA c6 ton tai khong?

-1 2

1
2.Cho A=
4 3 -5

j ,hay tinh AA"
2x3

3. C6 3 mat hang tén 1a A, B, C duogc ban trong 2 ngay lién tiép. Gia (price) ctia 3 mit hang duoc
cho boi ma tran P=(23 15 30),_, (tinh bing don vi tién). Luong hang (quantity) dugc ban ra

trong 2 ngay nay dugc cho bdi 2 cdt tuong ing cla cua ma tran:

210 200
Q=|450 480 | (tinh bang don vi san pham)
135 160

3x2
(mdi cot ciia Q thé hién lugng hang dugc ban ra trong ngay tuong (mg)

Tinh ma tran tich PQ va néu y nghia cac phan tir cia ma tran nay. Tinh tong doanh thu ban hang
trong 2 ngay nay.

1 -1 1
4.Cho A=|2 1 3|, hdytinh A®
0 3 4
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Chuwong 1: Ma tran & dinh thuec

I1. Pinh thirc (determinant)
2.1 Pinh nghia
Cho A =(ay),., 12 ma tran vudng cap n.

nxn

Dinh thirc ctia A 1a mot s6 thyc, ky hi¢u 1a det A hodc |A

, dugc dinh nghia nhu sau:

-Véin=1: A=(a,) thi detA=a, (chinhla phén tir duy nhét cta A)

L . a4, ap \
-Véin=2: A=[ j thi detA =a,a,, —a,a,,

ay Ay
%2
1 2

1 2 1 2
Vidu: A= > detA = =14-32=4-6=-2
: 3 4 3 4

= 88y — 8y

all a'12 a'In

a a a

IS 21 22 2
-Véin=3: A=| : : !
anl anl ann

Dinh thirc ciia A duoc goi 1a dinh thirc cap n va dinh thirc cdp n ndy s& dugc tinh thong qua nhiing
dinh thirc con cdp n—1 nhu sau:

Vi mdi i va véi modi j, ta goi M, la dinh thirc cua mot ma tran c¢6 duoc tir A bang cach xoa dong i

va cot j.
31 4
Vidu:Cho A=5 0 2| thitaco
6 8 7
0 2 s 5
M, = g 7 =0.7-8.2=-16 (x6adong1,cotl)
31 . )
M,, = 6 8 =3.8-6.1=18 (x0adong 2, cot 3)
1 4 o A
M, = 0 2 =12-04=2 (x6adong3,cot 1)

Trong vi du nay, ta thiy A 1a ma tran vudng cip 3 va mdi dinh thtrc con M,,, M,;, M;, 1a dinh thuc

cap 2 (nho hon cap ciia A mot bac).

Trang | 11



Chuwong 1: Ma tran & dinh thuec

Mbi dinh thitc con M, duoc goi la dinh thirc con bi hodc dugc goi 1a phan phu dai sé (Minors) cia
ma tran A va la dinh thic cép n-1

Dinh thirc cua A s& tinh theo cac dinh con bu bdi quy tic khai trién theo dong hodc khai trién theo
cOt nhu sau:

a) Khai trién theo dong: chon mot dong bat ky ctia A, ching han ta chon dong i

a

i2 in

Duyét cac phan tir ciia dong i ndy tir trai qua phai, ta co:

det A — (_ 1)i+l ailMil + (_ 1)i+2 aizMiz 4. (_ 1)i+n aian

Trong d6, M;; 1a dinh thire ctia ¢6 dugc tr A béng cach xoa dong i va cot j.

Bl 2 [3]
Vidu:Cho A=|1 4 7
6 2 3

Khai trién theo dong 1, ta duogc:

1+1 4 7 1+2 1 7 1+3 1 4
detA = (-1)*.3. +(=D)2 2. +(=1) 5.
—— 2 3 —— 6 3] —— 6 2
1 -1 1 L ;
-2 -39 =22
= —6+78-110
= 38

Néu khai trién theo dong 2 thi ta dugc:

3 2 5
detA =
6 2 3
2 5 35 3 2
= )t Jeeyall et
-1 1 -1 ;
4 21 —6
= 4-84442
- 38

Ta thay két qua khong phu thudc vao dong khai trién.

Ciing ap dung quy tic ndy, nhung thay vi duyét phan tir trén dong, ta duyét phan tir trén cot thi ta co
cong thure khai trién theo cot:

b) Khai trién theo cft: chon mat cot bat ky cua A, ch.’fmg han ta chon cgt j
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Chuwong 1: Ma tran & dinh thuec

Duyét cac phan tir cua cgt j nay tu trén xudng dudi, ta co:

detA = (_l)Hjalelj +(=1)* ay;My; +-o (= 1)nﬂ-aannj

Trong d6, M;; 1a dinh thire cta c6 duoc tu A béang cach xda dong i va cét j.

Vi du: Van voi ma tran trén

Khai trién theo ¢ér 3, ta dugc:

1+3 1 4 2+3 3 2 3+3 3 2
detA = ()5 |+l e .
—— 6 2| Y—— |6 2| —— |l 4
! e -1 —_— 1 —_—
=22 —6 10
= -110+42+30

= -38
Ta théy két qua khong phu thudc vao cot khai trién. That vay, ta co:
Ménh dé. Dinh thirc khong phu thudc vao dong hodc cot khai trién, nghia 1a xac dinh duy nhat.
Hé qua. Néu trong dinh thie c6 chira mot dong (cot) nao dé bang 0 thi dinh thirc s& bang 0.

0 0 0
Vidu: |a b c|=0 (dong 1 bing 0)
X y z
a
b 0 y|=0 (cot2bang0)
z

Pbi voi ma tran tam giac (trén hodc dudi) thi viéc tinh dinh thirc rat don gian:

Ménh dé. Pinh thirc cia ma tran tam giac thi bang tich ctia cac phan tir thudc dudng chéo chinh.
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Chuwong 1: Ma tran & dinh thuec

= (]
S [w] &
Elo o

Vidu: |0 =2.3.4=24 (c6 dang tam giac trén)

<X [W]
N O[N] ©
[»] o o

=3.2.5=30 (c6 dang tam gidc dudi)

Vidu: V61 1 1a ma tran don vi cép n

00 - 0
010 - 0
L =[0 0 1 0
000 - 1

thi do I 1a ma tran tam gidc nén detl =1.1...1=1" =1
%/_J

n

IQuy tiic Sarrus|

Khi tinh dinh thtrc cap 3, ngoai cach khai trién theo dong (cot) thi ta c¢6 thé ding so d6 sau day, con

duogc goi 1a quy tdc Sarrus:

e =(a.eitbifg+tcdh)-(gect+hfa+idb)

3 25
Vi du: Léy lai ma tran trong vidu trén A={1 4 7
6 2 3
Dung quy tic Sarrus, ta co:
g
det & =|1 4=(343+276+512)-(645+2.73+3.1.2)=130-168=-38
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Chuwong 1: Ma tran & dinh thuec

Tinh dinh thirc trén may tinh Casio FX-570 ES PLUS

Dé tinh dinh thuc (det) cia ma tran vudng cap 3 trén Casio FX-570 ES PLUS, ta nh¢ s& c6 2 giai
doan:
Giai doan 1: Nhap ma tran va luu vao by nhé cua may tinh

Bam phim MODE (SETUP)

Chon muc MATRIX

Chon muc MatA

Chon muc 3x3 (1a cAp ciia ma tran MatA)

Nhap s6 liéu vao ma tran MatA

Bém phim AC d¢ luu vao bd nhé (sau dong tac nay thi man hinh s& bi x6a trang)

YVVVYVY

Nhu thé, trong bd nhd cia may tinh da luu mot ma tran co6 tén la MatA va co s6 liéu nhu ta da nhap
vao.

Giai doan 2: Goi chtic nang tinh dinh thtrc (det) dé tinh dinh thirc cua ma tran da luu trong by nho
Bam t6 hop phim Shift-4 (bam phim Shift, r6i bAm phim s6 4)

Chon muc det

Lai bam t6 hop phim Shift-4

Chon muc MatA va lic nay, trén man hinh sé hién thi det(MatA

Bim diu =

YV VVYY

2.2 Tinh chit ciia dinh thic

a) |det(A") =det A

al a2 a3 al bl C1
Vidu: b, b, bs/=la, b, c,

‘Cl ¢ 03’

)
w
o

3 C3’

A AT

b) Khi d6i chd 2 dong (cot) cta dinh thirc thi chi 1am dinh thirc d6i ddu ma thoi.

a, a, a b, b, b
1 2 3 dyod, 1 2 3 . N
Vidu: b, b, b, = —|a, a, a,| (d6ichodong ]l vadong?2)
Cl c2 CS Cl CZ C3

Suy ra, néu trong dinh thirc c6 2 dong gidng nhau (hodc c6 2 cot giéng nhau) thi dinh thirc s& bang 0

a b c
Vidu:|a b ¢/=0 (dong 1 va dong 2 gidng nhau)
X y z
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Chuwong 1: Ma tran & dinh thuec

a X a
b y bl=0 (cot1 vacot3 gidng nhau)

c z C

¢) Néu trén mot dong (cot) cuia dinh thirc c6 thira sé chung thi ta c6 thé mang thira sb chung nay ra
trudce dau dinh thic.

oa, oa, oa, a, a, a,
Vidu: |b, b, b, |=alb, b, b,| (dong 1 cé thirasd chung)
C, C, C, c, ¢ G
oa, a, a, a, a, a,
ab, b, by=a.lb, b, b,| (cot1 cothiasd chung)
oc, ¢, ¢ c, ¢ ¢

Suy ra, néu A 1a ma trin vudng cp n thi det(aA) = a." det A

03 02 05
Chang han, cho A=| 0.1 0.4 0.7 | la ma tran vudng cap 3 thi
0.6 02 03
03 02 05 325
detA=|0.1 04 0.7]=(0.1°.[1 4 7/=(0.1.(-38)=-0.038
0.6 02 03 6 2 3
%/_/
-38
2 4 6 1 23
Vidu: |3 6 9[=23./1 2 3|=6.0=0 (dinh thirc c6 2 dong giéng nhau thi bang 0)
X 'y z Xy z
—_—

0

d) Néu ldy mot dong cong (hodc trir) v6i o lan dong khac thi dinh thirc khong thay doi gia tri
(twong ty ddi vai cot)

m 1 1
Vidu: Tinh dinh thtc |1 m 1| véi m 14 tham sb
1 1 m

Y tuong 13, ta s& dung céac tinh chat cta dinh thirc ¢ trén dé bién ddi dinh thirc nay vé dang tam giéc,
khi d6 dinh thirc dang tam giac s€ bang tich ctia cac phan tir thuoc duong chéo chinh.

Ta bién do1 nhu sau:
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Chuwong 1: Ma tran & dinh thuec

m 1 . m+2 m+2 m+2
I m 1 = 1 m 1
1 1T m 1 1 m
m+2 0 0
ol [me] 0 | = me2ym-1
o 1 0 m-—1

Trong vi du nay, ta dung tinh chat: dinh thirc khong thay d6i khi 1y mot dong cong voi dong khac,
hodc khi ldy mot cot trir di cot khac.

1 a a’
Vi du: Tinh dinh thic [I b b?| vdi a,b,c 14 cac tham sb
1 ¢ ¢

Ciing nhu vi du trén, ta s& bién ddi dinh thirc nay vé dang tam gic nhu sau:

1 a a’ iy 1 a a’ 1 a a’
1 b b’ - 0 b-a b*-a’l = (b-a)c-a)0 1 b+a
1 ¢ ¢ o 0 c—a c¢*-a’ 0 1 c+a

a a’
= (b-a)c-2)|0 b+a

0 0 [c—Db
c-b
= (b—a)(c—a)(c—b)
a b+c 1
Vi du: Khong khai trién dinh thtic, hdy chimg minh [b c+a 1/=0 (v6i a,b,c la tham sd)
c a+b 1
Ta co6:
a b+c 1 . a+b+c b+c 1 I b+c 1
b c+a 1 = |b+c+a c+a I=(a+b+c)|l c+a 1/=0 (c6 2 cot gidng nhau)
c a+b 1 c+a+b a+b 1 I a+b 1
| S —

0

e) Néu A va B 14 cac ma tran vudng cung cip thi ‘det(AB) =det A det B|
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Chuwong 1: Ma tran & dinh thuec

(suy ra det(AB) =det(BA)=det A.detB)

Vi du: Néu A 14 ma tran vudng thi dé tinh dinh thirc cia ma trdn AA” cho nhanh, ta ding tinh chét
trén

det(AA") =det A.det(A") = det A.det A = (det A)’
Tuong tu, ta c6 det(A) = det(A.A) = det A.det A = (det A)’
Tong quat, det(A*) = (det A)* Vk

Vi du: Cho A 13 ma trin vudng cap 3 thoa det A =—1 va A* —3A° =41, . Tinh det(61, —2A)

Ta co:
det(61, —2A) = det[-2(A - 31,)] = (-2)’ det(A - 31,) = —8det(A - 31,)
R
Theo gia thiét:
AT —3AM =41, — A* (A -31,) =41, - det[A*™ (A - 3L,)] = det(4L,)
Ma

det[ A™" (A —31,)] = det(A™**) det(A —31,) = (det A)**™ det(A —31,) = det(A —31,)
-1

det(41,) =4’ det I, = 4° = 64
(S —)

i
Vay, det(A —31,) =64 va det(6l, —2A) =—-8det(A -31,) =-8.64 =-512
Mot img dung rat quan trong cuia dinh thirc 13 tinh ma tran dao.
III. Ma tran diao (Inverse of matrix)
3.1 Dinh nghia
Cho A 13 ma tran vudng cip n.
Nhic lai, trong phép nhan ma tran thi ma tran I, cé vai tro gidng nhu phan tir don vi:

Al =A=1_A
Néu ton tai ma tran B (vudng cip n) thoa:

AB=1 =BA

thi ta n61 ma tran A kha dao (kha nghich - invertible) va B dugc goi 1a ma tran dao cua A.

(so di ta goi B 1a ma tran dao ctia A 13 vi khi tich ctia hai phan tir bang phdn tir don vi thi phan tix
nay goi la nghich ddo cta phan tir kia).

Ma tran B, néu ton tai, thi duy nhit va dugc ky hiula A™
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Chuong 1: Ma tran & dinh thiec

Vay, ma tran dao A" ¢6 tinh chit dic trung:

AAT =1 =A"'A

(nh rang, I, covaitrola phan tir don vi).

. _ 1
Chu y: Ky hiéu A~ hoan toan khong c6 nghia 1a A vi trong phép todn ma tran khong c6 phép

: .1
toan chia nén ky hi¢u N la v6 nghia.

2 1 3 -1 .
Vidu: Cho A = [5 3] va B :( i 2] la cac ma tran vudng cap 2.

Ta co:

AB

£ e
el

0
1

y

] =1, : ma tran don vi cép 2 (phﬁn tir don vi)

I, : ma trn don vi cip 2 (phan tir don vi)

Vay, theo dinh nghia thi ta n6i A kha dado va B chinh la ma trdn ddo ctia A:

1 2 1
Vidu:Cho A=|2 3 4|vaB=
3 56

Ta co:
1 2 1 2 7
AB=|2 3 4 0 -3
35 6)\-1 -1
2 7 =5)(1 2
BA=| 0 -3 2|2 3
-1 -1 13 5

o N e

0

3 -1
-5 2

2 | 1a cac ma tran vudng cap 3.

0 |=1,: phan tir don vi

0 | =1, : phan ti don vi

2 7 -5
0 -3 2
-1 -1 1
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Chuong 1: Ma tran & dinh thiec

Nhén xét: Vi I,.I, =1, nén (I,)" =1, (nghich dio ciia phin tir don vi chinh 13 phan tir don vi)
31

Vidu: Cho A=
52

a) Chuing minh rang: A>-5A+1,=0,,,

Ta co:
5 3 1)/(3 1 14 5
A"=AA= . =
5 2)\5 2 25 9
15 5 1 0
A= ; L=
25 10 0 1
Viy,
) 14 5 15 5 1 0 0 0
A’ —5A+1, = - + = =0,
25 9 25 10 0 1 0 0
b) Suyra A™

Pé tim A™', ta s& tim ma trdn B thoa AB=1, = BA, luc d6 B chinh 1a A™
Theo ciu trén, ta co:

A’-5A+1,=0,, & S5A-A’=],

o AL -A)=1,
%/_/

B

oencned 3 00 9C O

— T
l2

- )6 ) 1)

, 2 -1
Vay, theo dinh nghia, ta két luain A~ =B = ( J

2x2

thi theo trén AB=1, va

-5 3
Vi du: Cho A 1a ma trdn vudng cap n.
a) Chung minh rang: (I + A)(I, —A)=1 —A%> =(I, - A)I, +A)

Dung tinh chat phan phdi ciia phép nhan d6i v6i phép cong, ta co:
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Chuong 1: Ma tran & dinh thiec

(L +A)I, -A) =1 .(I -A)+AI —-A)
= () -1 A+Al —A’
=1, -A+A-A’
=1 -A’
Piang thirc con lai chimg minh twong tu.
b) Suy ra rang, néu A’ =0 (ma tran khong) thi I + A kha daova (I +A)"' =1 —-A
Néu A? =0 thi theo cau trén, ta co:

(I, + A, —A) =1, = (I, —A)I, +A)

Theo dinh nghia, ta két luan I+ A kha daova (I, +A)' =1 —A

Vi du: Chirmg minh ring, néu A kha dao thi |det(A™) = ﬁ
e

Taco: AA™" =1 — det(AA™") =det I,
Ma det(AA™") =det A.det(A™") va detl =1

1
Vay, ta c6: detA.det(A™")=1—>det(A™")=——
det A

Vidu: Cho A,B,C la cac ma tran vudng cép 3, biét réng det A =-2;detB=5;detC=16
Hay tinh det(4A°B'C")

Phén tich det(4 A’B™'C") =4’ det(A’B'C") =4’ det(A*)det(B ") det(C") va nhd rang,
3x3
det(A*) = det(A.A) =det A.det A = (detA)” =(-2)’ =4
.1
detB 5
det(C")=detC=16

Tur dinh nghia ciia ma tran dao, ta rit ra:

det(B™) =

Ménh dé. Cho A va B la cac ma tran vudng cdp n va o 1a mot sd thuc. Khi d6

- Néu A khd dio thi A cling kha ddo va (A7) =A

- Néu A kha déo va o =0 thi oA kha dao va ((XA)% =a'A = lA’1
o

- Néu A va B kha dao thi AB kha déo va|(AB)' =B'A™"
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Chuong 1: Ma tran & dinh thiec

- Néu A khi déo thi A"khadaova (AT) =(A")

Vi du: Néu A kha dao thi

Vi du: Néu A va B kha dao thi
B —1_1 B -1_1 -1 B _Iin T
(2a7B") —2(A 'B") —Z(BT) (A7) (B') A
Vi du: Néu A kha dao thi A> = A.A ciing kha dao va

2

(A°) =aA)" =A"AT=(AT)
Vi du: Cho A, B, C, D 1a cic ma tran vudng cép n, kha ddo. Tim ma tran X théa AXB'C™' =D
Tir phuong trinh AXB'C™' =D, ta khir A bang cach nhan A~ vao bén trai 2 vé:
AT (AXB'CY)=A"D (A'AXB'C'=A'DoXB'C'=A"D
1

Tir phuong trinh XB'C™' = A™'D, ta khir C™' bang cach nhan C vao bén phai 2 vé:
(XB'CHC=(A"D)C« XB"(C'C)=A"'DC - XB"'=A"'DC
Ill

Tir phuong trinh XB' = A™'DC, ta khir B" bang cach nhan (B")™ vao bén phai 2 vé:

(XB")(B") ' =(A'DC)B") ! > X(B"(B")')=A'DC(B") " <> X=A"DC(B") "' =A'DCB")’"
St

Vi du: Cho A va B 1a cac ma trdn vudng cip n thoa AB =BA va A kha déo.

Chimg minh rang A"'B=BA™

Taco: B=BI =B(AA")=(BA)A"' =(AB)A' =A(BA™)

Vay, B=A(BA™) vanhan A™' vao bén trai 2 vé cua ding thirc nay thi ta dugc:

A'B=A"ABA") <> A'B=BA"
1

Vi du: Cho A va B 1a cac ma tran vudng cip n, kha dao. Ching minh ring
(AB)'=A"B"' <> AB=BA
Gia sit (AB)"' = A"'B™", khi d6 ta liy nghich dao 2 vé:

(aB)') =(A"B") > AB=(B")"(A")"=BA
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Chuwong 1: Ma tran & dinh thuec

Nguoc lai, gia st AB=BA, ta ciing liy nghich d4o 2 vé thi dugc: (AB)" =(BA)' =A'B™
Vi du: Cho A va B 1a cdc ma trdn vudng cdp n thoa A = P"'BP v&i P 1a ma trédn vudng cdp n kha
dao. Chung minh rang: B® = PA’P™
Taco: A=P'BP — PA =P(P"'BP) = (PP ')BP = BP
1

n

A _ -1 _ -1 _ -1\ _
Vay PA =BP —» (PA)P™' =(BP)P' = B(P}I) )=B

Tém lai, ta dugc B=PAP™, suy ra:
B> =BB=(PAP')(PAP™') =PA(P'P)AP™' =PA°P""
I

n

B’ =B’B=(PA’P')(PAP')=PA*(P"'P)AP"' =PA’P"
In

Chu y: Qua vi du ndy, ta thdy néu A =P 'BP thi B=PAP"' va A* =P'B*P; B* =PA*P"

Vi du: Cho A 14 ma tran vudng cp n théa A® =2A . Chimg minh ring (A — 1)y =1 10i tir d6 suy
ra (A-1)"

Vi Al =1_.A nén ta &p dung duoc hing dang thirc:

(A-T1 )Y =A>-2AT +(,)>=A’—2A+1 =1

Opn
(nhic lai, néu AB=BA thi (A-B)’=A”>-2AB+B?)
Vay (A-1)" =1, > (A-1)A-1)=1, > (A-1)" =A-],
3.2 Piéu kién kha dio
Cho A 13 ma tran vudng cip n.
Dé A kha dao thi diéu kién can va di 1a det A # 0
A kha dao <> det A # 0|

Vi du: Ma tran nao sau day la kha dao?
2 3

1
a)A=[4 5 6
7 8 9

Casio

1 2 3
detA=[|4 5 6| = 0 nén A khong kha déo, nghia la A™' khong ton tai.
7 8 9
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Chuong 1: Ma tran & dinh thiec

325
b)A=|1 4 7
6 2 3
32 5
detA=|1 4 7| = -38%0 nén A kha ddo, nghiala A~ ton tai.
6 2 3

Vi du: Tim di€u ki€n d€ ma tran sau la kha dao

1 1 2
A=|2 3 5| (mlatham sd)
3 m 7
DPé A kha dao thi detA #0
112
detA=]2 3 5| =4-m
3 m 7

Vay, A kha ddo khi vachikhi 4—-m#0<> m=#=4
(dé nghi ban doc xem lai quy tac Sarrus, roi ap dung dé tinh lai dinh thirc trong vi du nay)
Ghi chii. Cho A 13 ma trdn vudng cap n. Ta noi:

e A khéng suy bién (non-singular) néu det A # 0, nghia la A kha dao
e A suy bién (singular) néu det A =0, nghia la A khong kha dao

Vi du: Tim dicu ki¢n dé ma tran sau la khong suy bien

1 3 2
A=[2 5 3

3 m 5
Pé A khong suy bién (kha dao) thi detA =0

Sarrus

1 3 2
detA=2 5 3 = m-8
3 m 5

Vay, A khong suy bién (kha d4o) khi va chi khi m—8 # 0 <> m # 8

Vi du: Tim di€u ki€n d€ ma tran sau la suy bién
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Chuong 1: Ma tran & dinh thiec

11 1
A=|2 3 1
3 4 m
Pé A suy bién (khong kha dao) thi det A =0
L1
detA=12 3 1| =m-2
3 4 m

Vay, A suy bién (khong kha dao) khi va chi khi m—2=0<>m=2

m 1 0 1 3 2

Vidu:Cho A=|3 2 1[;B=[2 4 3|vadatC=2AB. Timdiéukién d& C* khong suy
2 1 1 1 m 1

bién (kha dao).

HD: Bé C* khong suy bién thi det(C?) # 0 <> (detC)*> # 0 <> detC =0

Trong do, detC = det(2 AB) = 2° det(AB) = 8det A.det B

3%3

detA#0

Vay C? khong suy bién khi: 8det A.det B # 0 <>
detB=0

Vi du: Cho A va B 1a cic ma trdn vudng cap n thoa AB = ol voi a #0. Ching minh rang A va B

1
kha ddova A'=—B
o

Ta co det(AB) =det(al,), ma det(AB) =(det A)(detB) va det(al )=a"detl =a" nén

=1
(detA)(detB)=a" =0
Suy ra det A # 0, nghia 12 A kha dao (ton tai A™).
Nhan A" vao bén trai 2 vé ciia ddng thire AB = ol thi ta dugc:
A™(AB)=A"'(al) > (A"A)B=a A", >B=0A" > A" = 1p
l“ %’—J

(08
Al

Vi du: Cho A va B 14 cac ma trdn vudng cdp nthoa A=0__; B O,,va AB=0,  (matran

nxn? n nxn

khong). Chimg minh rang ca A va B déu suy bién.
Gia sir A khong suy bién. Khi d6 A kha ddo (ton tai A™).

Nhan A" vao bén trai 2 vé cua ding thic AB=0__ thi ta dugc:
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Chuwong 1: Ma tran & dinh thuec

A (AB)=A"0,._ —>(A"A)B=0,_ —>B=0__ : mau thuln véi gia thiét B=O
nxn R],_J nxn nxn nxn

Viy A suy bién.
Tuong tu, gia st B khong suy bién. Khi d6 B kha déo (ton tai B™).
Nhan B™' vao bén phdi 2 vé ctia dang thic AB=0__ thi ta dugc:

(ABB' =0, B >ABB')=0,, - A=0,, :mauthuin véigiathiét A=0,
In

Viy B suy bién.

3.3 Tim ma tran dao

Cho A =(ay),,, 12 ma tran vudng cap n, kha dao. Khi do,
T
All AI2 AIn
-1 — 1 A21 A22 A2n
detA : :
Anl An2 .“ Ann
Trong do,

Aij = (_I)HJMU‘

(nhéc lai, M;; 1a dinh thirc con c6 duge tr A béng cach x6a dong 1, cot j)

Néu ta dat
A, A, ALY
P, = A;21 A;zz A:Zn (c6 chuyén vi)
A, A, - A

(ma trdn P, dugc goi 1a ma tran phu hgp (co-adjoint matrix) ciia A)

thi cong thure tinh ma tran dao trd thanh:

1
—1 — P
detA

1 2
Vidu: Cho A= ,tim A~
3 4
. 12 A s A A
Taco: detA= 3 4 =1.4-3.2=-2#0 nén A kha ddo, nghia la ton tai A
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Chuwong 1: Ma tran & dinh thuec

Theo cong thirc tim ma tran dao trén:

Thay vao, ta dugc:

2 , £ a b fe N 1 d -b
Tong quat, néu A = voi ad—bc#0 thi|A™ =
C d —

RO ad—bc\-c a

1 2 56 4 6
Vidu: Cho A = ; B= ; C= va gia st ma tran X thoa XA =B. Tim CX
3 4 7 8 0 2

Ta tim X tr phuong trinh XA =B nhu sau:

4 -2 4 2
Do det A =-2%0 nén A kha daova A™ :iz( 3 J:_l( ]

Nhan A~ vao bén phai 2 vé ctia phuong trinh XA =B thi dugc:

XAA'=BA' o X(AA"')=BA' < X=BA™'
)

I,

A i (] el (i
= N B N

A

Vay,

Do 36,
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Chuwong 1: Ma tran & dinh thuec

Vidu: Tim A~ véi

3 1
A=|12 5 0
7 1
Ta c6:
1 3 1
Casio
detA=2 5 0
3 7 1
Vay A kha dao va
| A, Ay
71=detA A21 Azz
Ay Ay
Trong do,
detA=-2
A =( 1)”1 M ‘5 0‘ 5
n=-—\ n- =
1 7 1
1+2 2 0
Ap=CED" M), =~ 3] =2
-1 .
1+3 2 5
A= (_1]) M, = 3 7 =-1
2+1 3 1
Ay=CED" M, =- =4
-1 ~
N 1 1
A, = (—l)2 2 M,, = =-2
— 31
243 1 3
Ay=CED)""My=- =2
-1 !
2
3+1 1
Ay =(-1) M;, 0 ==
1

> >

=-2=%0

13

23

33
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Chuong 1: Ma tran & dinh thiec

A, =(-1)""M ! 1—2
32 1 32 2 0
- —_—
-2
. 1 3
Ay :(_11)3 ’ M;, :‘2 5 =-1
Thay vao, ta dugc:
5 2 -1) 5 4 -5\ (-2 2 3
A’1=L 4 -2 2 1 -2 =2 2= 1 1 -
-2 2
-5 2 -1 -1 2 -1 + -1 3

Vi du: Cho A 1a ma tran vudng cap n, kha dao. Goi P, 1a ma tran phu hop ciia A, chiing minh rang:

det(P, ) = (det A)""

Taco: A' =

P,,dit o=detA thi A" =—P, P, —aA”
det A o

A

Viy,

1 1
det(P,)=det(a A ) =a"det(A™ ) =a" - —— = (det A)" - ——— = (det A)""
et(P,) =det(ac A )=a"det(A") =a N (detA) oA (detA)

nxn

Vi du: Cho A va B 1a ma trin vudng cp n, kha ddo va a # 0. Goi P, ,P,, P,,, P,, 1an lugt la ma

AB >
tran phu hop cua A, B, AB, oA

Chimg minh rang |P,, =P,P, | va [P, =a" 'P,

o

Do A va B kha dao nén AB ciing kha dao va (AB)™' = L p — P, =det(AB).(AB)™
det(AB) " ="

Ma det(AB) =det A.det B va (AB)"' =B"'A™' nén:

P,, =detA.detB.(B"'A™")=(detB)B'.(detA)A™' =P,P,

Py Py

1
Do A vanén o #0 nén oA ciing kha ddo va (aA)™ = P, —P,, =det(aA).(aA)”
det(aA)

1
Ma det(aA)=a" detA va (aA)” =—A™" nén:
o

P, =det(aA).(aA)” =(a" det A lA’1 =a"" (detA)A™ =a"'P
aA o A
PA
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Chuwong 1: Ma tran & dinh thuec

Vi du: Cho A la ma tran vudng cép n, kha ddo. Goi P, 1a ma tran phy hop cua A vadat B=P,

Chimg minh rang (P, = (det A)"”A | trong d6 P, 1a ma tran phu hop cua B.

Taco A™ ZdﬁPA —P, =(detA)A™
e

Vi detA #0 va A”' kha daonén B=P, =(det A)A™' kha daova B™' = d%PB — P, =(detB)B™'
e

1 1
Ma detB=detP, =(detA)"" va B" =(P,)" =[(detA)A™']' =——(A"")' =——A nén:
a de etP, =(detA)™" va (Py)" =[(det AJAT] =———=(A7)" =———A nén

1
P. =(detB)B™" =(detA)""'-—— A =(det A)" *A
s = ( ) ( ) dot A ( )

Tim ma tran ddo trén may tinh Casio FX-570 ES PLUS
Dé tim ma tran dao (inverse of matrix) trén Casio FX-570 ES PLUS, ta thyuc hién 2 giai doan:
Giai doan 1: Nhap ma tran va luu vao bg nhd cua may tinh

Bam phim MODE (SETUP)

Chon muc MATRIX

Chon muc MatA

Chon muc 3x3 (1a cAp ciia ma tran MatA)

Nhap s lidu (vao ma tran MatA)

Bém phim AC d¢ luu vao bd nhé (sau dong tac nay thi man hinh s& bi x6a trang)

YVVVYY

Nhu thé, trong by nh¢ cia may tinh da lvu mot ma trén c6 tén 1la MatA va cé s6 liéu nhu ta d3 nhap
vao.
Giai doan 2: Goi chtc nang tinh nghich dao dé tinh nghich ddo cia ma tran da luu trong bd nhé

> BAam t6 hop phim Shift-4 (b4m phim Shift, rdi bom phim s6 4)

» Chon muc MatA

> Bam phim x~' (ltc ny, trén man hinh s& hién thi MatA™)

> Bam ddu =
BAI TAP
2 45
1. Dung Casio, tinh dinh thic ma tran A={1 5 3
3 9 7

Ma tran nay c6 kha dao khong, néu co, hiy ding cong thire (tinh toan chi tiét trén gidy) dé tim ma
tran dao dé tim A™'. Sau d0, dung Casio dé kiém tra lai két qua cia A™'
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m 2 1
2.Chomatrain A=|{ 3 1 4
4 3 5

a) Tim diéu kién dé A khong suy bién
b)Khi m=0, tim A™" (dung cong thirc va trinh bay tinh toan chi tiét)

3.4 Ung dung ciia ma trin dio

Xét h¢ phuong trinh tuyén tinh gdom c6 n phuong trinh va n an so:
a;x,+a,x,+--+a, x, =Db,
a,X,+ay,X,+-+a, X, =Db,

a X, +a,x,+--+a x, =b

n

v61n an sO (unknowns) 1a x,,x,,...,X

n

Dit
a, Ay ap, X
a a a X
21 22 2 2
A = . n ; X = . ; B =
anl anl e ann nxn n /pxl

n /nxl

Ta goi A 1a ma trdn hé so cua hé phuong trinh, ma tran nay chura hé s6 cua n an.

Ta co:
4 ap ay, Xy apX; +apX, +--+a; X,
AX = A 8p 7t An || X _ Ay X +a5X, +oeeta, X,
anl an2 ann Xn aanl +an2x2 +.“+annxn nxl
nxn nxl
Do do, hé phuong trinh trén tré thanh: AX =B
Ta gia st A kha ddo, khi d6 ton tai A™'
Nhan A~ vao bén trai hai vé ciia phuong trinh AX =B thi duoc:
Afl(AX) =A'B
> (AflA)X =A'B
R,—J N N ,
Iy (nhan cung phia)
< X = A™'B
< X =A"B
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Viy, hé c6 nghiém duy nhat1a X =A™'B

H¢é qua. Néu hé phuong trinh tuyén tinh AX =B ¢6 ma tran hé s6 A khong suy bién thi hé c6

nghiém duy nhit cho boi X =A"'B
Vi du: Xét hé phuong trinh tuyén tinh

2x, =X, +3x; =17
3X,+2x,—x;, = 7
X, +3x, +2x, = 14

Ma tran hé sb ctia hé phuong trinh 1a:

2 -1 3
A=3 2 -1
1 3 2
2 -1 3C'
VidetA=|3 2 -1 = 42#0 nén hé c6 nghiém duy nhat cho boi X = A™'B véi
1 3 2
X, 17
X=|x,|; B=|7
X, 14
Dung cong thuc
T
1 All A12 A13
71:@ 21 Azz A23
31 32 A33
Trong do,
detA =42
1+1 -1
A, =-D"M,, = =7
1 2
A, =(=D)"M ‘3 _1‘ 7
= =" ==
~ 1 2
7
A,=(-D)"M 32 7
3= 3= =
1 1 3
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-1 3
A =(-1D)*"M, =— =11
WY
- —
—11
2 3
Azz = (_1)2+2 Mzz = =
— L2
. 2 -1
Ay =(_1)2 31\/123 == =-7
—— 1 3
| —;
7
. -1 3
As) = (-1’ 11\/[31 = =5
— 2 -l
2 3
A32 :(_I)HZ M32 == =11
— 3 -1
|—;
—11
2 -1
Ay = (_1)3+3 M, = =7
— 3 2
Thay vao, ta dugc:
1 7 -7 7\ 1 7 11 -5
A‘IZE 11 1 -7 =—|-7 1 11

42
-5 11 7 7 -7 7

Vay, nghiém duy nhét cia hé cho boi:

7 11 -5) (17 126

X=AB=—|7 1 117 ]=1] 4
42 42

7 -7 7)114 168

1 1 2
Vidu: Chomatran A=3 2 5
4 3 8

a) Tim A™

—_—

L2
detA=[3 2 5 =-1%0
4 3 8

nén A kha dao, nghia 1a ton tai A~ va

(nhé chuyén vi)
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T
1 Ay A, Ag
A71:M A21 Ay A23
31 n Ay
Trong do,
detA =-1
A =( I)IHM ‘2 5‘ 1
1n -\ n- =
] 3 8
1+2 3 5
Ap=CED"M), =~ 4 8 =—4
-1 T
A, =( 1)1+3M ‘3 2‘ 1
13—\ 13 = =
] 4 3
2+1 1 2
A,y=C-D"" M, =- =-2
-1 5
1 2
A — _1 2+2M — —
n = ]) 2 ‘4 8‘
A, =( 1)2+3M ! 1—1
3= 23 4 3
-1 T
A, =( I)MM ‘1 2‘—1
31 = 31
1 2 5
3+2 1 2
A,=C-1)"M,,=- =1
-1 ~
A, =( 1)3+3M —1 1— 1
3= 1 BTNy 9T
Thay vao, ta dugc:
11—4 g 1 =2 1) (-1 2 -1
Al=—| =2 0 1| =—| 4 0 1= 4 0 -1
1 1 -1 1 1 -1 -1 -1 1
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b) Tim ma tran X thoa phuong trinh XA =A"
Do A kha dao nén ton tai A™', nhan A™'vao bén phai hai vé ciia phuong trinh XA =A":

(XA)A™ = ATA™
o X(AA™T) = ATAT!
—
I (nh6 1a nhan cung phia)
< XI, =A'A"
< X =A'A"

Viy,
1 3 4\(-1 2 -1 7 =2 0
X=ATA"'=[1 2 3|1 4 0 -1|=| 4 -1 0
2 5 8)(-1 -1 1 10 -4 1

BAI TAP

1 3
Chomatran A=|1 4
2 7

AW DN

a) Tim A~ (trinh bay tinh toan chi tiét)
b) Tur do, tim ma trdn X sao cho AX =1, + A
IV. Hang cua ma tran (rank of matrix)

4.1 Ma tran bac thang (step-like matrix)

X¢ét ma tran sau:

7l 1 =2 2 3
A:0356
0o 0o o0 [2] 1
0 0 0 00

Ma tran nay c6 3 dong dau khac 0, con dong cubi thi bang 0.

Quan sat cac phan tir khdc 0 ddu tién (tir trai qua phai) & mdi dong, ta thdy chiing tuan theo mot quy
luat, do la:

“Phan tir khéc 0 dau tién ciia méi dong luén bi dich chuyén qua bén phdi it nhdt mot cét so véi phan
twr khac 0 dau tién cua dong dung ngay phia trén”

Cu thé, phan tir khac 0 dau tién ctua dong thi hai 13 s6 |4| da bi dich chuyén it nhat mot cot so véi
phan tir khac 0 dau tién cua dong thir nhat 1a sb
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Tuong tu, phﬁn tir khac 0 dau tién cua dong thur ba la sb da bi dich chuyén it nhat mot cot so voi
phan tir khac 0 dau tién ctia dong thir hai 13 s6
Cac phﬁn ttr khac 0 dau tién ciia mdi dong tao thanh nhirng bac thang, cu thé trong ma tran trén thi
ta co tat ca 3 bac thang.
Mot ma tran dugc goi la bac thang néu né thoa hai diéu kién sau:

e Nhimng dong bang 0 (néu co) thi nam dudi nhimg dong khac 0 (ndm dudi ddy ciia ma tran)

e Ddi voi nhitg dong khac 0 thi phan tir khac 0 du tién cia mdi dong ludn bi dich chuyén
qua bén phai it nhat mdt cot so vdi phan tir khac 0 dau tién cua dong dimg ngay phia trén.

Vi du: Ma tran sau la bac thang

=1

3

[
o o [E]l N W
@!
1l

5] 1 7
3

o]

b

o0 ]
o o 9w
[=]

0
0 0 [g

oS O

S O o o O
S O o O

0
0
0

Vi du: Ma trén sau khong 1a ma tran bac thang

4 1 6
D=[0 [3] 5
o [7] 2

vi phén t cua D da vi pham diéu kién tht hai cuia ma tran bac thang.
4.2 Cac phép bién doi so cap trén dong va cot
Cho A 1a mot ma tran. Ta c6 3 loai phép bién ddi tac dong Ién cac dong cua A, cu thé la:

e Loai 1: doi chd 2 dong nao do6 cua A
e Loai 2: nhan mot dong nao d6 cua A voi mot s6 thuc khac 0
e Loai 3: lay mot dong cua A cong (hodc trir) v6i a 1an dong khéc, trong d6 o 1a mot s6 thuc
tiy v (c6 thé bang 0)
Di nhién, qua cac phép bién ddi so cap nay thi ta nhan dugc mot ma tran méi khac voi ma tran A.

Vi du: Doi chd 2 dong ciia A

2 1 1 4 0 2
A=|3 5 8|—42h 413 5 8
4 0 2 2 1 1

Vi du: Nhan mot dong ciia A v6i mot sd thuc khac 0
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L

A= SN

N W N

1 1
58
0 1

BOowW N
S DN =
D oo =

Vi du: Léy mot dong ctia A cong (hoac trir) véi a lan dong khac

2 1 1 2 1
A=l3 5 8|42 513 5 8
4 0 2 0 -2 0

Tuong tu, ta cling ¢6 3 loai phép bién doi so cap tac dong 1én cac cdt cua ma tran.

Vi du: Lay mot cot trir di o 1an cot khac

2 1 1 0 1 1
A=[3 5 8|—22 57 5 8
4 6 2 -8 6 2

Céc phép bién dbi so cap trén dong hodc cot 1a bink ding, nghia 13, hé c6 phép bién dbi so cap nao
trén dong thi cting c6 phép bién doi so cap twong tu trén cot. Phép bién doi so cap trén dong c6 tinh
chat gi thi phép bién doi so cap trén cdt cling co tinh chat giong nhu thé.
Ta c6 mot két qua quan trong sau:
Ménh dé. Cho A 1a mot ma tran. Khi do,
e Ton tai cac phép bién ddi so cap sao cho qua cac phép bién d6i nay thi A s& chuyén thanh
mot ma tran bdc thang, ma ta goi la B.
A—>A —>A,—>--— B (matrin B 1a bdc thang)
e S dong khdc 0 ciia ma tran bac thang B 1a mot s6 nguyén duy nhat, khong phu thude vao
cac phép bién doi so cap.

Chu y rang, tir ma tran A, ta c6 thé dwa vé v6 s6 ma tran bac thang khac nhau bang cac phép bién
doi so cap. Noi cach khac, ma tran bac thang nhan dugc tr A 1a khong duy nhat. Tuy nhién, so dong
khac 0 cia cac ma tran bac thang nay lai 1a duy nhat, khong phu thudc vao cach chon cac phép bién
dbi so cap.

Vi du: Dua ma tran sau vé dang béc thang

1 2
A=|2 5
3 8

o= O
N WA

Ta dung cac phép bién dbi so cip:
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M 2 0 4 hf 20 4 nf 20 4
A=2 3 1 3= 0 |2 1 5200 |- 1 -5(=B
3422 0 =2 2 -10 0 00 0

Ma tran B 14 bac thang va s6 dong khac 0 ctia B 1a 2. S6 dong khac 0 nay 1a duy nhét, nghia 1a néu
ta chon cac phép bién d6i so cip khac thi ma tran bac thang nhan duoc van c6 dang 2 dong khac 0
ma thoi.

T ménh dé trén, ta di dén dinh nghia hang ctia ma tran:

4.3 Pinh nghia hang ciia ma tran

Cho A 1a mot ma tran.

Gia sir qua cac phép bién d6i so cp thich hop, ma tran A chuyén thanh ma tran B béc thang. Khi
do, s6 dong khac 0 cta B 1a duy nhat.

Ta goi s6 dong khac 0 cta B 13 hgng cta A, ky hiéu 1a r(A) hodc rank(A)
Pé tim hang ciia ma tran A, ta hily ding cac phép bién ddi so cap thich hop dé chuyén A vé mot ma
tran bac thang. Khi d0, s6 dong khéc 0 clia ma tran bac thang nay chinh 13 hang cta A.
1 2 3
Vidu: Timhang matrain A={4 5 6
7 8 9
Ta dung cac phép bién ddi so cAp dua A vé dang bac thang:

1 2 3 i 2 3 N 2 3

A=[4 5 6|2y 0 [-3] 6|28 0 [3] —6(=B
7 8 9 0 -6 -12 0 0 0

Ma tran B 1a bac thang va c¢6 2 dong khac 0, do d6 r(A)=2

1 -1 0
Vidu: Tim hang ma trdn A =| -2
3

Ta dung cac phép bién ddi so cAp dua A vé dang bac thang:

n -1 0 n -1 0 i 2 3
A=[-2 2 4|—824,10 0 4|—22b,00 [§] 7|=B
305 7 0 8 7 0o o [

Ma tran B 1a bac thang va c6 3 dong khac 0, do d6 r(A)=3
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|\ I SN
AW =

1
Vidu: Tim hang ma trdn A =| 2
3

Ta dung cac phép bién ddi so cip dua A vé dang bac thang:

N 11 11 i 1 i 1
A:243%>021&>02&>02:B
3 2 4 0 -1 1 0 -1 1 0o 0 [3]

Ma tran B 1a bac thang va c¢6 3 dong khac 0, do d6 r(A)=3
2

3
8
Vidu: Tim hang ma trén A = 5
9

A=W =
N — W
S S

Ta dung cac phép bién ddi so cAp dua A vé dang bac thang:

2 1 3 2 1 3
Ao 35 4 8| ¢ 0 1 -1
112 2] “* b0 11 -
4 6 6 9 0 -2 2 =3
2 1 3 2 1 3
a4 | O 1 1| 4oq | O 1 -1
d,-2d, - - =B
0 00 O 0 0 0
0 0 0 -1 0 0 0 0
Ma tran B 1a bac thang va c6 3 dong khac 0, do d6 r(A) =3
Vi du: Tim hang ma tran
1 2 1 3
A=[2 5 4 5| (véimlatham sb)
3 8 m 7
Ta dung cac phép bién ddi so cip dua A vé dang bac thang:
21 3 2 1 3 21 3
A=[2 5 4 s|—=2500 I 2 -1]—222500 I] 2 -1|=B
3 8 m 7 0 2 m-3 -2 0 0 lm=7| o0
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Ta théy 2 dong dau cta B da khac 0 réi, con dong cudi thi phu thudc vao m, cu thé la:

e Néum-7=0<>m=7 thi dong cudi cia B bang 0, do d6 B c6 2 dong khac 0, suy ra

r(A)=2
e Néum-7#0<>m=7 thi dong cudi cia B khac 0, do d6 B ¢ 3 dong khac 0, suy ra
r(A)=3

Vay, ta két luan:

2 khim=7
r(A) = .
3 khim#7

m 1 1
Vidu: Timhangmatrdin A=| 1 m 1 | (v6im la tham sd)
I 1 m

Ta dung cac phép bién ddi so cap lién tiép:

m 1 1 m+2 m+2 m+2
A=l1 m 1 |[lh ) m 1 |=A
I 1 m 1 1 m
Xét 2 truong hop:
Truong hop I: m+2#0<> m=#=-2
Luc nay, ta chia dong 1 cua A cho m+2:
m+2 m+2 m+2) 11 ! 1
~ q,
A=| 1 m 1=l om0 0 |=B
1 1 m I 1T m 0 0 m—1

Hang cua A phu thudc vao sb dong khéac 0 cua B. Ta bién luan:

e Néum-1=0<>m=1 thi B chico ding 1 dong khac 0, do d6 r(A) =1

e Néum-1#0 va m#-2,nghiala m#1 va m=-2 thi B c6 dung 3 dong khac 0, do do
r(A)=3

Truong hop 2: m+2=0>m=-2
Luc nay, ta thay m=-2 vao ma tran A:
0 0 1 -2 -2

0
A=l1 2 1|—4es 501 2 1|—%% 500 |-3] 3|=B
1 1 =2 0 0 0 0 0
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Ma tran B c6 dung 2 dong khéac 0, do do r(A) =2
Tém lai, ta c6 két luan:
1 khim=1
r(A)=42 khim=-2
3 khim#lAam=-2
Hang cua mgt ma tran cho ta biét ma tran nay co6 kha dao hay khong, cu thé la:

Ménh dé. Cho A 13 ma trén vudng cdp n. Dé A kha dao thi diéu kién can va da la r(A)=n

A kha dao <> r(A)=n <> detA # 0

Vi du: Tim hang ma tran

A= (v6i m 1a tham sd)

Y B
B N\

2
m
5
Ta thay A 13 ma tran vudng cp n =3

1
Sarrus

2 2
detA=3 m 4 = 2m-6
1 5 4

Xét 2 truong hop

Truong hop I: detA#0<-2m—-6#0<> m#3

Khi d6, A kha dao va theo ménh d¢é trén thi suy ra r(A)=n=3

Truong hop 2: detA=02m-6=0<>m=3

Thay m =3 vao A rdi dua A vé dang bac thang bang cac phép bién ddi so cap:

M 2 2 b 2 2 n 2 2

A=|3 3 4|20 o -2 (=B

d3 _dl

1 5 4 o 3 2 0O 0 0

Ma tran B c6 dung 2 dong khac 0, do do r(A) =2
Tém lai, ta c6 két luan:

2 khim=3

r(A):{3 khi m #3

Trong vi du nay, ta ciing c6 thé tim hang ctia A bang cach dwa A vé dang bac thang nhu sau:
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2 2 h 2 2 ol 2 2
A=[3 m 4|—%23 510 m-6 —2|—=2225/0 |-2] m-6
1 5 4 0 2 3

0 0 |m-3

Hai dong dau cua B ludn khac 0, con dong 3 thi phu thudc vao ) hang m -3, do d6 ta bién luan:

2 khim=3
r(A)= .
3 khim=#3

Vi du: Cho A va B 1a cac ma tran vudng cip n, khong suy bién.
Chung minh rang: r(AB)=r(BA) va r(A"'B)=r(B™A)
Do A va B khong suy bién nén A va B déu kha dao, suy ra AB va BA kha dao. Do d6, r(AB) =n

va r(BA) =n. Vay r(AB) =r(BA)=n

nxn

Lap luan tuong ty cau trén, voi chu y réng, néu A va B kha ddo thi A" va B! cling kha dao thi ta
duoc r(A"'B)=n=r(B"'A)
Hang ctia ma tran c6 tinh chét sau:
Ménh dé. Cho A 1a ma tran cdp mxn, khi d6
e r(A)<mvar(A)<n
e 1(A) khong thay d6i qua cac phép bién ddi so cap, nghia 13, néu C 1a ma tran c6 dugce tir A
boi cac phép bién dbi so cap thi r(C) =1(A)
o 1(AT)=1(A)
Vi du: Chimg minh rang r(2A) =1(A)

Ma tran 2A c6 duge tir ma trin A bing cac phép bién d6i so cAp: nhan timg dong ciia A véi 2. Ma
qua cac phép bién d6i so cap thi hang ma tran khong thay d6i, do d6 r(2A) =r(A)

Cho A 13 ma tran cAp mxn va k 1a s6 nguyén dwong thoa k < min{m,n} . Mot dinh thirc con cdp k
ctia A ¢6 duoc bang cach 1y phan giao cua k dong va k cot nao do cta A.

1

Chéng han, cho A = (4

3
6} (m=2,n=3) thi:

e Cac dinh thirc con cd'p IcuaAla: 1,2,3,4,5,6
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2
5

2 3
56

b

-

e Céc dinh thirc con cdp 2 cua A la:

13
4 6

‘ ) _3
Ménh dé. Hang ctia ma tran A 13 cdp cao nhdt cua dinh thirc con khdc 0 ctia A. Cu thé, r(A)=p
khi va chi khi:

e Ton tai mot dinh thirc con cép p nao do cua A khac 0
e Moi dinh thirc con ctia A c6 cap 16n hon p thi déu bang 0

1 2 3
Vidu: Tim hang ma trén A =

4 5 6
Ma tran A c¢6 2 dong, 3 ¢dt nén dinh thirc con cép cao nhét cua A la cép 2vata théy trong A c¢6 chira

. . , 2
it nhat mot dinh thuc con cap 2 khac 0, chang han la: s =-3%#0.Vay, r(A)=2

Vi du: Tim hang ma trén A =

~N A~ o=
[> <INV, T S}
O O W

Ma tran A c6 3 dong, 3 c¢ot nén dinh thirc con cép cao nhét ciia A 1a cip 3 va chi c6 duy nhat mot
dinh thuc cap 3 la:

1 2 3
detA={4 5 6/=0
7 8 9

Néi cach khac, moi dinh thirc con cép 3 cua déu bang 0. Vay, r(A) <3, nghia 1a r(A) <2

Trong A ¢6 chira it nhdt mét dinh thire con cdp 2 khéac 0, ching han 1a:

2
‘=—3¢0
5

Vay, cap cao nhat cta dinh thtrc con khac 0 cta A 1a cdp 2, do d6 r(A) =2

W O N

1 2
Vidu: Timhang matrdn A=|3 5
I m

Ma tran A c¢6 3 dong, 3 cot nén dinh thirc con cip cao nhét ciia A 1a cip 3 va dinh thirc con cap 3
duy nhat nay chinh la:

1 2 2 -
detA=det|3 5 9| =-3m+3
]l m 5

Xét 2 truong hop:
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Truong hop I: detA#0<> m=1

Khi dé, cap cao nhat cua dinh thic con khde 0 cua A 13 cip 3, vay r(A) =3
Truong hop 2: detA=0<>m=1

Khi do,

1
A=|3
1

—_— N

2
9
5

Moi dinh thitc con cip 3 (cap cao nhat) ciia A déu bang 0 nén r(A) <2

Hon nifa, ta thiy trong A c¢6 chtra it nhat mot dinh thie con cép 2 khdc 0, ching han 1a:

2
=-1%0
5

3
Vay r(A)=2

Vi du: Cho A 1 ma trin vudng cap 5 thoa r(A) <3 va goi P, 1a ma tran phu hop cta A. Chimg
minh rang P, chinh la ma tran khong.

Nhic lai, P, 1a ma tran vudng cap 5 c6 dang: P, = (Aij ): Ve (D™ M,

Trong d6, M;; 1a dinh thirc con (cAp 4) cta A c6 duoc tir A bang cach x6a dong i, cot j

Vi 1(A) <3 nén cip cao nhit cua dinh thirc con khdc 0 ciia A khong thé vuot qua 3. Vay moi dinh
thirc con cp 16n hon 3 ciia A déu phai biang 0. Suy ra moi dinh thtrc con cép 4 ciia A déu bang 0,
nghia la M, =0 Vi,j. Do do, A, =0 Vi, ], nghia 1a moi phan tir cua P, déu bang 0.

BAI TAP
m 2 3

1.Cho A=| 2 m+2 5 |.Tim diéukién dé r(A)=2
35 8

HD: Tinh det A rdi xét truong hop det A # 0 va truong hop detA =0

2. Cho A 1a ma tran vudng cép 3 suy bién. Phat biéu sau ddy dung hay sai:
a) ((A"A)<3

b) det(2A)=2det A

c) r(2A)=r(3A")

d) r(A*—2A)<2

HET CHUONG 1
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